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INTRODUCTION 
THEOREM A (see [5]). Let G be a countable group. Then the following 
are equivalent: 
(i) G admits a non-discrete Hausdorff grouptopology, 
(ii) G admits 2”’ Hausdorff grouptopologies, 
(iii) G is not n-bound for every natural number n 2 1. 
A group G is called n-bound, ifthere xist polynomials f,(x),..., f,(x)over G
such that fi(l) # l,..., f,(l) # 1 and for all a E G, a # 1 there is 1 < i < n 
such that J(a) = 1. 
The concept of n-boundness ormore generally a-boundness, where a is an 
arbitrary cardinal number, is introduced in [5] for arbitrary algebraic 
structures. 
Then it is shown (see [5]) that asimilar result (Theorem A: “(iii) + (ii)“) 
works for arbitrary structures of arbitrary cardinality (2”?-topologies of 
the algebra A such that all operations of A are continuous). We give some 
consequences of this result ofPodewski. 
THEOREM B (see [5]). If G is an inj?nite ab lian group then G admits 
2”” Hausdorff group-topologies. 
The proof ollows via the concept of a-boundness. We give some more 
examples (without proof) of the usefulness of the above-cited concept of a- 
boundness. 
THEOREM. The same as in Theorem B is true for 
(i) infinite fi lds (see [5]), 
(ii) infkite integral domains, 
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(iii) skew jields D where D has the same power as the center of 
(iv) infinite commutative principal ideal rings, 
(v) infinite commutative artinian rings. 
Proofi Just show that hese structures A are not a-bound for a < iA I. 
will eave this as an exercise tothe reader. 
For arbitrary groups it was unknown up to Shelah [6] whether every 
infinite group admits a nontrivial H usdorff groan-topology. The negative 
by Shelah: With the assumption fChjI there xists a group 
which does not admit any nontrivial group-topology. 
s then gave (see [3 ]) an example of a group (without 
which does not admit anondiscrete Hausdorff group-topology. 
The concept of n-boundness where IZ is a natural number is a purely 
algebraic concept. For this it is natural to ask whether for some fixed 
IZ > 1 finite groups (or simple finite groups, etc.) are n-bou 
oone asked whether every finite simple group is l-bound. 
classified the finite groups which are l-bound (see [I!]>. For
he showed that every finite simple nonabelian group is l-bound and gave a 
constructive proof to find the polynomial which bounds this imple group. En 
our paper we will now classify the finite groups which are Z&bound. For 
completeness we also prove the results ofCherlin for l-bound 5nite grou 
in Section I.Our main result isthe following: 
THEOREM. Let G be a jkite group. Then the following are 
eq nt: 
(i) G is 2-bound, 
(ii) 6 satisfies oneof the following conditions: 
(a) G has at most two minimal normal subgroups and each rn~~~rn~~ 
normal subgroup is non-abelian. 
(bj The center of G Z(G) is isomorphic to ZI, and G/Z(G) has only 
one minimal normal subgroup, which is non-abelian (Le., G/Z(G) is l-bound 
and not isomorphic to Z,). 
(c) G is one of ten other finite groups, namely, U2, L,, 12, ( 
cyclic groups of order 2, 3, 4), S, (the permutation group of 3 elements), 
(the dihedral group of order Sj, Q4 (the quaternion group of order 8j, two 
nonisomor~h~c groups of order 24 and two no~isomor~h~c groups of order 
48. 
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NOTATIONS AND PRELIMINARIES 
DEFINITION 1. Let G be a group. A polynomial over G is an element of 
the free product G * (x), where (x) is infinite cyclic. Iff is a polynomial over 
G and A is a subset of G we define supp,(f) = {a E A / f(a) # 1). If A = G 
we write supp(f) instead of supp,(f). If a is a cardinal we call G a-bound if 
there is a set S of polynomials over G with ISI = ar and 
n Isupp(f) If E SJ = (11. 
As we note in the Introduction the connection with the topologizability of 
groups is the following: 
THEOREM 0 [5]. Let G be an infinite group. Then the following hold: 
(a) If G is not a-bound for each cardinal a < 1 G] then G admits 2”” 
many Hausdorff group-topologies. 
(b) If G admits at least one nondiscrete Hausdorff group-topology 
then G is not n-bound for each natural number n. 
Remark. Every polynomial f over the group G can be written in the form 
f(x) = w(x) * f (11, w h ere w(x) has the following properties: 
(i) w(x) is a finite product of inner automorphismus of G. 
(ii) If N is a normal subgroup of G then w(a) E N for each a E N. 
(iii) If N,, N, are normal subgroups of G such that the commutator 
group [N,, N,] = 1, then w(a a b) = w(a) w(b) for each a E I?, , b E N,. 
Proof. We will leave this is an easy exercise to the reader. As an easy 
consequence of the above we get: 
LEMMA 1. Suppose G is a group and N,, N, are normal subgroups of G 
with [N,, NJ = 1. Let f(x) be a polynomial over G with f(1) # 1 and let 
aEN,,bEN,andf(a)=f(b)=l: Thenf(a.b)#l. 
Proof By the above remark we can write f in the form f = w(x)f(l): 
Thenf(a.b)=w(a.b)f(l)=w(a)w(b)f(l)=f(l)-’fl. 
1. THE CHARACTERIZATION OF ~-BOUND FINITE GROUPS 
In this chapter we will give the classification of finite l-bound groups. 
PROPOSITION 2. Let G be a l-bound group. Then either 
(a) G is isomorphic to Z,, or 
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(b) there is a nontrivial normal subgroup N of G which is contained in
every ~o~irivia~ normal subgroup of G. Further there is a finile subset A c N 
such that he centralizer of A in G is trivial. 
ProojY Let f = w(x)f (1) witness the l-boundness of G and let N be the 
intersection of all nontrivial normal subgroups. Clearly f (1) E N. 
a nontrivial minimal normal subgroup of G which is containe 
nontrivial normal subgroup of G. First we sume that N is abelian. Then 
IN, N] = { 1) and Lemma I yields N z Z, ~ ence [G,N] = 1. Again from 
Lemma 1 we can conclude that G = N r Z, I 
Second, we assume that N is nonabelian. Hf follows that M if C(N), hence 
reover we will show (in the infinite case) that here is even a finite 
subset A of N with C(A) = I. 
Assume a contrary that for each finite subset A EN C(A) # 1. Then 
{C(A) jA EN, A finite} isa base for the ne~~hbo~rhoods of 1 of a 
~o~discrete Hausdorff group-topology. Thisis a contradiction o Theorem 0
and the lemma is proved. 
EEMMA 3. Let G be a group, N a minimal normal subgroup of G and let 
181 be ~o~abe~ian~ Letf (x) be a polynomial over G with f(I) E q{ I } and Eet 
SUPPN(f > 1. Then there exists a polynomial g with g(l) = I, 
suPpA g) 5 su~~,,kf) and supp,( g) f Izi. 
ProoJ Let a E N be an element of supp,&f) and c1# 1. Since N is 
nonabelian d minimal the centraliser C(N) = 1. Therefore there xists 
b E N such that [a, b] f 11. Obviously f(a) E ps\j I}. Since N is a minima! 
normal subgroup there xists a polynomial h(x) such that h(l) = ? and 
b=h(f(a)). We define g(x) := [x, h(f(x))]. Then clearly g(L) = 1 and 
supp,v( s>5 SUPPNCf'). M oreover g(a) = [a, b] # 1. This proves our lemma. 
COROLLARY 4. Suppose N is a minimal normal subgroup of a group G, 
N is nonabelian d N is finite. Then there xists a ~o~y~ornia~ f (x) over G 
with f(l)E N, f(l)# 1 and supp,,,(f)= {I}, i.e., for all a E N, a # 1, is 
f(a) = I. 
Proo$ Since N is finite clearly itsuffices to prove the following: If (x) 
is a polynomial over G with f(l) E N, f(l) # 1 and supp,(f) # { 1); then 
there xists a polynomial h over G with h(l) EN, h(l) # I and the 
cardinaiity of supp,(h) is less than the cardinahty of supp,(f), i.e., 
I WPdh)i < I WPAf )I- 
From Lemma 3 we can conclude that here is a polynomial g(x) over G 
such that g(1) = 1 and supp,J g) g supp,(f) and an a E N such that a# 1. 
and g(a) # 1. 
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Then we define h(x) := g(ax). Clearly h(l) = g(u) # 1 and since g(1) =
1 : h(1) =g(a) EN. 
Since supp,(g)  supp,(f) it follows that xt+ ax is an injective mapping 
from supp,(h) into supp,(f). S ince g(l) = 1 it follows that his mapping is 
not surjective. Thisproves our corollary. 
In our next step we are going to find a polynomial f such that not only 
supp,&) = { 1) but also supp&) = { 1). 
LEMMA 5. Let N be a minimal subgroup ofa group G and suppose that 
N is not isomorphic to U 2. Further weassume that here exists a polynomial 
g(x) over G with g(1) EN, g( 1) # 1 and supp,( g) = 1. Then for each finite 
subset A of N there is a polynomial f (x) over G with supp(f) = C(A). 
Proof g has the properties g[N] c N and a = 1 iff g(a) # 1 (a E N). We 
choose aE N\{ 1, g(l)-‘}. Since N is a minimal normal subgroup of G and 
g(1) # 1 there xists a polynomial h over G with h(g(1)) = a and h(1) = 1. 
We define a sequence (g, 1 n > 1) of polynomials g, over G in n variables 
x1 )...) x, s.t. 
(1) g,WlsN. 
(2) For all a, ,..., a,, E N, a, = . .- = a, = 1 iff g,(ai ,..., a,)# 1. We 
can choose g, := g(x,). Suppose g, has been defined. Then we put 
gn+l(x,,...,xn+1)=g(h(g(gn(xl,...,x,))).g(g(x,+I))). Clearly g,tJN”fll~ 
N, and for all a, ,..., a, , EN, g,+,(ai ,..., a, ,) # 1 iff h(g(g,(a, ,..., a,))). 
dg(a,+ d) = 1 iff h(dg,(a, ..., a,>>) = 1 and dda,, J> = 1 iff 
g,(at >***> a,)#1 and g(a,+,)#l iff a,=+..=a,=a,+,=l. If A = 
{a ,,..., a,} (w.1.o.g. n > 1) we define f(x) := g,([al , x],..., [a,, xl). Then for 
eachaEGf(a)#l iff [a,,a]=-.-=[a,,a]=l iffaEC,(A). 
As a corollary we get the result ofCherlin: 
THEOREM 6 (Cherlin [2]). Suppose G is a finite group. Then the 
following areequivalent: 
(a) G is l-bound, 
(b) G is isomorphic to L, or G has exactly one minimal normal 
subgroup which is not abelian. 
Proof (“a =X b”) This follows immediately from Proposition 2. 
(“b * a”) Obviously Z, is a l-bound group. So suppose that G is not 
isomorphic toL,. Since C(N) = 1 if follows from Corollary 4 and Lemma 5 
that G is l-bound. This proves the theorem of Cherlin. 
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2. EXAMPLES 0~ FINITE ~-BOUND AND 2 
From Theorem 6 we know that every simple bob-abe~ia~ finite group is I- 
bound. From Theorem 6 we also can conclude that every Fanite p rmutation 
group S, (n > 5) is l-bound. From our main theorem about 2-bound groups 
it will f~how immediately that the Cartesian m-oduct of two simple non- 
ab~~ia~ groups is i-bound. Similarly we get: 
If G,, G, are I-bound and 6, is non-isomorp icto Z, or 6, is non- 
isomorphic toZ, ) then 6, x 6, is 2-bound. For example: S, x S, is 2- 
bound (n, m 2 5). 
We will now give a list of another type of 2-bound groups which are 
important for our later classification the rem for 2bound groups. Clearly 
G, = Z, is I-bound and therefore 2-bound. 
. G, = L, is 2-bound, 
HI. G, = S, the permutation-group of three lements. G, is 2-bound. 
To see this let f(x) := axax; g(x) = a*x where G, = (a, b / a3 = b* = 1 p 
b-‘ab = a”). 
III. G, = Z, = (a, a4 = l)f(x) := axax, g(x) := a*x. 
PV. G,=D,, the dihedral group of order 8. D, is 2-bound. 
D4=(a,b\~“=b2=1, b-‘ab=a3). f4=axax, gA=a2x An easy 
~~rn~utatio~ shows that D, is 2-bound by f4 and g4. 
V. Let G, = Q4 be the ouaternion-group of order 8; 
G, = Q4 = (a, b/ a4 = b4 = 1, a2 = b2, b-lab = a”). ehe fs := azx2, 
g, := a’x. Again by a computation itfollows that he ~~at~rnio~-gro~~ of 
order 8 is 2-bound. 
VI. Let 6, := (a, b, c / a4 = b2 = c3 = 1, b-lab = a3, c-‘a’c = b, 
c-‘bc = a2b, a-‘ca = c2a2b). 
LEMMA 7. G, is a 2-bound group. (The order of G is 24, (a, b) is a 2- 
Syl~w of 6, and isomorphic to the dihedral-group D, of order 8.) 
Proof. Obviously the order of 6 is 24 and (a, b) is isomorphic toI?,. 
~Moreov~r G, is isomorphic toAut(Q,), wher 4 is the quaterni roup 
of order 8.) We will now show that is 2-bound. efine 
f(x) := (~xax~l)~, g(x) = (ca3xca3xP1)3. 
Clearly f(l) # B and g( 1) # 1. An easy ~ornpu~at~o~ shows that for each 
x E (a, b)\(u) axax-’ = 1, for each x E G6\(a, 6): aXaX-’ E (a*, b, c)\ 
(a’, b) and for each xE (a2, b, ~>\(a*, b): x3 = 1. From this we can conclude 
that 1 E supp(f) 5 (a). Since c-lac = ca3 and c-‘(a)cA (a)= {I} jl 
follows that {11 = supp(jJ n supp( g). This proves our lemma. 
Next we give another example of a 2-bound group of order 24 
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which is not isomorphic toG,: Let G, := (a, b, c ) a4 = b4 = c3 = 1, a* = b2, 
b-lab = a’, c-‘ac = b, c-‘bc = ab): G, is a group of order 24, (a, b) is a 2- 
Sylow-group ofG,. (a, b) is isomorphic tothe quaternion-group of order 8. 
G, is not isomorphic toG,. We will eave this as an exercise tothe reader. 
Moreover we get: 
LEMMA 8. G, is a 2-bound group of order 24, and G, is not isomorphic 
to G,. 
ProoJ Let f(x) := a2(a3xax2)* and g(x) := a*x. Then clearly f(l) # 1 
and g( 1) # 1. A computation shows that for each x E G,\(a*): 
a3xax2 E (a, b)\(a*). H ence for all xf5 G7\(a2) f(x) = 1. This proves the 
lemma. 
In the next two examples we define two non-isomorphic groups of order 
48. 
VIII. G, := (a, b, c ) a* = b4 = c3 = 1, a4 = b*, b-lab = a-‘, 
ce1a6c = b, c-‘bc = a6b, a-‘ca = c’a’b). 
LEMMA 9. G, is a group of order 48. (a, b) is a 2-Sylow-subgroup of 
G, . (a, b) is isomorphic tothe generalized quaternion-group of order 16. 
Moreover G, is a 2-bound group. 
ProoJ In order to prove that G is a group of order 48 we start with the 
group N := (d, b, c 1 d4 = b4 = c3 = 1, d2 = b*, b-‘db = d3, c-‘de = 6, 
c-‘bc = b). 
Clearly N is isomorphic toG,. Hence N is a group of order 24. If we 
replace b by b’ = db and c by c’ := c2d3b all relations i  the presentation of 
N are satisfied. Clearly (d, b’, c’) = N. Therefore there exists an 
automorphismus v, of N with q(d) = d, p(b), = db and q(c) = c2d3b. From 
this it follows p(d3) = d3, q2(d) = de3dd3 = d, q2(d) = d2b = dbd-’ = 
d-3bd3, p”(c) = q(c2d3b) = cdb = dcd-’ = d-3cd3. 
Hence by the Schreier Extension Theorem of groups (see [4, 
Theorem 1.14.21) there exists a group G, G = (NW {a}) with N 4 G, 
G/N~Z’~,a~=d~and~(x)=a-‘xaforallxEN. 
Clearly then a6 = d and all relations i  the presentation of G,are satisfied. 
From this we can conclude that G, is isomorphic toG. Clearly the order of 
G and hence the order of G, is 48. Clearly (a, b) is a 2-sylow-subgroup of 
G, and isomorphic tothe generalized quaternion-group of order 16. It 
remains to show that G, is a 2-bound group. 
To see this we define f(x) := a4(a2h(x) . a6 + (h(x))2)2, where 
h(x) := c - ‘xcx, and we define g(x) = a4x. 
Let U := (a6, b) as a subgroup of G,. Then ZJ is a normal subgroup of G 
and G/U is isomorphic toS,, the permutation-group of three lements. 
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Clearly (c, a6, b) is isomorphic to G,. Since G/U is isomorphic to S3 it 
follows that for each xE: G,\U, h(x) E (c, ab, b)\U. Moreover ifx E ki\(a4), 
h(x) E u\(a4). The result follows now by Lemma 8. 
emark. For the following we note that a4 is the only element of(a, b) 
of order two. 
%X. Let 6, := (a, b, c / as = b4 = c3 = I, a4 = b2, b-‘ab = a3> 
c-‘6z2c = b,‘c-‘bc = a2b, a-‘ca = c2a6b). 
LEMMA IQ. G, is a group of order 48. (a, b) is 2-sy~ow-subgroup of G,
(the so-called quasidihedral group of order 16). reover G, is a 2-bound- 
group and G, is non-isomorphic to 6,. 
Proof. Again /G,/ < 48 is clear. Toprove 6, is a group of order 48 we 
start with the same group N and with the same automorphismus p of N as in 
thf: previous lemma. Since d2 is in the center ofN we have v(d) = d, q’(d) =
d-‘dd= d, p2(b) = d-“bd and p2(c) = d-‘cd. Agak by the 
Extension Theorem there xists a group G = (NU {a}) wit 
G/N=Z,,a2=dandaP1xa=q(x)foreachxEN. 
Now an easy computation shows that all relations in the presentation of 
G, are satisfied. H nce G, is isomorphic to G and (Q~ b) is a 2-Syiow- 
subgroup of6,. 
Now let f(x) := a4(a6h(x) . a2(h(x))2)2, where h(x) := c-‘XX and let 
g(x) := a4x. Then the same proof as in Lemma 9 shows that 6, is 2-bound. 
Clearly (a, b) of G, has exactly a4, ab, a3b, a5b and a’b as elements of order 
2. Hence G, is not isomorphic to G,. This proves our lemma. 
THEOREM 11. The groups Gi (i = Q,..., 9) are pairwise ~Q~-iso~o~~~~~ 2- 
bound-groups. 
e will gi.ve inthe next chapters the classification of 2-bo~~~-~ro~~s~ 
Note that he groups Go,..., 6, play an important role in this c!assification. 
3. CHARACTERIZATION OF 2-BOUND-ejROUPS wITEi 
A NON-TRIVIAL ABELIAN NoRma SUBGRQUP N&Z, 
LEMMA 12. Let G be a 2-bound group and assume that N is an abelian 
normal subgroup of G. Further assume that here xists a E N with a2 f 1. 
Then N= {l,a,a-1,a2,a-2}. 
PVOOJ et fand g witness the 2-boundness of G and let 6: G\{ I} --) {O, 11 
be a function s.t. 6(c) = 0 impliesf(c) = 1 and 6(c) = 1 implies g(c) = 1. By 
Lemma 1 for all c, dE Nj{ 1) with c. df 1 6(c) = 6(d) implies 
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&cd) # 6(c). Now assume b E N\{ 1, a, a-‘, a*, a-‘}. Clearly itis enough to 
consider the following cases. 
Case 1. 6(a) = 6(b) = 0. Then 6(a2) = 6(ab) = 1, 6(b -‘a) = 0, 
G(bb’a*) = 1 and finally 6(bb’)= 0. But then 6(b-‘) = 6(a)= &b-la), a 
contradiction. 
Case 2. 6(a) = 0, 6(b) = 1. Then 6(a2) = 1, 6(a*b) = 0, 6(ab) = 1 and, 
in Case 1, &b-la) = 0, G(b-‘a’) = 1 and @b-l) = 0. Again 
i:b-l) = 6(a) = 6(bb’a), a contradiction. 
LEMMA 13. Suppose N is a normal subgroup of the 2-bound group G 
such that for each a E N a2 = 1 and a, b, c are distinct elements ofN\{ 1). 
Then c = a . b. 
ProoJ Let f, g and 6 be as in the proof of Lemma 12 and assume c# ab. 
It is enough to consider the following cases. 
Case 1. 6(a) = 6(b) = 6(c) = 0. Then 6(ac) = 6(ab) = 6(bc) = 1 and 
6(ab) = G(acbc) = 0, a contradiction. 
Case 2. 6(a) = 6(b) = 0, 6(c) = 1. Then 6(ab) = 1, G(abc) = 0, 
6(bc) = 6(ac) = 1. This is a contradiction sincebcac = ab. 
LEMMA 14. Suppose N is an abelian normal subgroup of thr 2-bound- 
group G. Then N & Z,. 
Proof Let f, g and 6 be as in the previous proofs and assume 
N = (a) z Z,. W.1.o.g. 6(a) = 0. Then 6(a*) = 1 and 6(a4) = 0. Let f(x) = 
w(x) f(1) and w(a) = an. Then a” . f(l)= f(a) =f(a4) = u4n . f(l) and 5 
divides 3 .~2, hence n. This means f(a) =f( 1) # 1, contradicting 6(a) = 0. 
As a corollary we now get: 
COROLLARY 15. Suppose N is a nontrivial abelian normal subgroup of 
the 2-bound-group G. Then N is isomorphic toone of the following groups: 
z,, z,, z,, L, x z,. 
Proof This follows easily b Lemmas 12, 13, 14. 
Remark. All the above listed abelian groups-as we have seen in 
Section 2-Z,, Z,, Z,, Z, x Z, actually occur as a normal subgroup ofa 
finite 2-bound-group. 
LEMMA 16. Suppose G is 2-bound and N is a normal subgroup of G 
which is isomorphic to Z, , Z,, or L, x Z,. Then C,(N) = N. 
Proof Let f, g, 6 be as in the previous proofs and assume cE C,(N)\N. 
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case 1. N=(a)rZ,. W l.0.g. 6(a) = 6(c) = 0, fqa’) = 1. 
6(ac) = 6(a-‘c) = 1 which is a contradiction s nce a2 e a-‘c = ac. 
Case 2. N = (a) r Z,. W.l.0.g. 6(a) = 6(a3> = 0, 6(a*> = 1. AssuIP~~ 
there is a d E C,(N)\iV with s(d) = 0.. Then 1 = &ad) = 6(a3d) = 6(ai)? a 
contradiction. Hence for each d E C,(N)\N: 6(d) = 1. But &en 
I = @a”) = S(c) = 6(a2c), again acontradiction. 
Case 3. N= (a, b) zz Z, X Z,. W.l.0.g. 6(a) = 6(b) = 0, &a/3) = 1. 
Assume there is a d E C,(N)\N with 6(d) = 0. Then 1 
6(ab). This is a contradiction si ce abbd= ad. 
6(ab) =6( b ) g a c , a am a contradiction. This proves our lemma. 
LEMMA 17. Suppose G is 2-bound and has a normal subgroup N
isomorphic to Z, . Then G is isomorphic to Z 3 or G is isomorphic ta S, . 
Proo$ The automorphismus group Au@,) of Z, is cyclic of or-de 
the previous lemma GjN is isomorphic toa subgroup of AutQ!,). 
there are two possibilities: G = N 2 Z, or G/N 2 Z,. In the second case G is 
isomorphic toS, since by Corollary 15G is not abelian. 
LEMMA 18. Suppose G is 2-bound and has a normal subgroup N
isomorphic to Z,. Then G is isomorphic toZ,, D, or 
ProoJ: Again Aut(N) E Z, and the same argument applies: the only 
nonabelian groups of order 8 are D, and Q4. 
emark. (a) Z, x L, is not 2-bound. 
Proof. Assume G = (a, b) = Z, x Z, is 2-bound, 
c E G\{ I} and a natural number n > 1 such that ca” = 1 
then (ab)” = I, n is even and I = can = c. This is a contr 
(b) The alternating groups Aq=(a,b,cIa2=b2=(ab)*=i, 
cP1ac = 6, c-‘bc = ab) is not 2-bound. 
ProoJ Assume A, is 2-bound, f g are as in the previous proofs and 
f(x) = w(x)f(l). Let N := (a, b) and w.l.0.g. we assume thatf(a) =f(b) = 1. 
Then w(a) =S(l)-’ EN\{ l}, and since the set of all a~tomorpbisms of N 
which are induced by elements ofA, forms an abeiian group (isomorphic to 
Z,), w(b) = w(cP’ac) = c-“w(a)c #f(l)-“, acontradiction. This proves our 
remark. 
%bROLkARV 19. Suppose G is Zbound and has a normal subgroup N 
isomorphic to Z, x U 2. Then G is isomorphic to D, or the group G, of order 
24 (see our list in Section 2). 
481/85!1-7 
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Suppose N= (a, b) where a2 = b* = (ab)* = 1. 
ProoJ Since C,(N) =N the map i: G/N+ Aut(N) z S, defined by 
i(f)(y) := x-‘yx(x E G, y E N) is well defined and a monomorphism. G = N 
is impossible by the above Remark (a). Assume G/Nr Z,. Then there is 
c E G with c-‘ac = b and CC’bc = ab and G is isomorphic to A, which is 
impossible by the above Remark (b). If G/N E L, then G is a nonabelian 
group of order 8. Since N contains 3 elements of order 2, G E D,. If 
G/N z S, we conclude as in [ 1, p. 1601 that G is isomorphic to G, : Choose 
x E G\N with x2 E N. Since x & C(N) (NV {x}) is a nonabelian subgroup 
of order 8 with at least 3 elements of order 2. Hence (N U {x}) 2 D, and 
w.1.o.g. we may assume x2 = a. Put y = b. Then the relations x4 = y* = 1 
and y -‘xy = x3 are satisfied. 
Since 3 divides (G/ there is an element z E G of order 3. z induces a 
circular permutation on the elements of Nj{ 1 }, and we may choose z such 
that z-lx’z = y, z-‘yz = x’y. Now we are looking for the possible values of 
x- ‘zx. In G/N E S, the residue class Z has order 3 and X has order 2, hence 
--,__ 
X zx = Z*. Hence there are i, j E (0, I} with x-lzx = ~~x*~yj. If i = j = 0 
x-lzx = 22, x-‘z2x = z4 = z whence x22x2 = x-‘z2x = z, contradicting the 
relation ZK~X’Z= y#x2. If i=O andj=.l x-‘zx=z2y, ~-~z~x=z~yz~y= 
zx’y whence x22x2 = x-‘z”yx = zx*y~-~yx = zx’yx”y = z which is again a 
contradiction. Hence x-‘zx = z’x”y or x-‘zx = z2xz. If x-‘zx = z’x we can 
replace z by z’ := zy. Then clearly z’~ = 1 and z’ induces the same 
automorphismus of N as z. Moreover x-‘z’x = z’y = z’~x’~, and we have 
shown that G is a group of order 24 generated by elements x, y, z which 
satisfy all relations in the presentation of G,. This proves G E G,. 
We now get the following Theorem: 
THEOREM 20. Suppose G is a group with a nontrivial abelian subgroup 
N which is not isomorphic to L 2. Then the following are equivalent: 
(a) G is 2-bound, 
(b) G is one of the groups G,, G,, G, , G,, G, or G, (see Section 2). 
Prooj This follows immediately by the previous lemma and the 
theorems of Chapter 2. 
4. CHARACTERISATION OF ~-BOUND FINITE GROUPS 
LEMMA 21. Suppose N, , N, are normal subgroups of the 2-bound group 
G with [N,,N,]= {l}. Then N,nN,= {l} implies N,EN2 or N,sN,. 
ProoJ: Let A g, 6 be as in Section 3. Put N := N, fl N, and let c be an 
element of N\{ 1). W.1.o.g. we assume 6(c) = 0. First we assume that there 
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are x E N,\N, and y E N,\N, with G(x)+ 6(y). .l.o.g. we can assume 
6(x) = 0 and B(y) = 1. We deduce &xc) = 4, Q-r)= 1, G(xyc)= 0, 
6(yc) = 1, 6(xy) = 0 and finally G(xyc) = 1, the desired contradiction” We 
have shown that for all x E N,\N, and y E N,\N,, 6(x) = S(y). Assume 
a E N,\N, and b E N,\N, . Then 6(a) = 0 implies &UC) = 6(b) = 6(a) = 0 = 
6(c), a contradiction. He ce 1 =6(a) = d(6) = 6(az;), and we conclude 
5 = 6(ab) = G(abc) = 6(c), again a contradiction. As a corollary we get: 
@~ROLL.ARY 22. Suppose N is a nonabeiian subgroup of the 2-bo~~d 
group G such that he center Z of N is nontrivial. Then Z = C,(N). 
Proo$ Clearly [C(N), N] = 1 and the proof ollows ~rnrned~~t~~~ from
Lemma 2 1. 
EFINITIQN (see [4, p. 3501). Let N be a group. H is called an 
the comm~tatorgrou~ 1 
LEMMA 23. Let G be a 2-bound group. We assume that Z r Zz is the 
onb ~o~t~~v~a~ abelian ormal subgroup oJ 6. Let Ni, N, be normal 
subgroups ofG with Z f N,, Z f N, and [I?,, N ] 5 Z. Then Iv, )I$ri are 
extraspeciai 2-groups. 
Brooj Clearly ({x*x E N,}) I: CG(NZ) and CG(N2) is equal to Z = %(N,) 
by hypothesis and Corollary 22. Hence also N: 5 Z. Since N, is nonabe~~a~ 
neither Ninor ({x2 /x E N,}) is trivial. This proves that N, is an extraspecial 
2group. 
CQROLLARY 24. Suppose Z E Z, is the only nontrivial abelian normal 
subgroup of the 2-bound group G and Z < N (1 G with N/Z a ~~~~~a~ 
normal subgroup of G/Z. Moreover suppose that here are tzormal s~bg~~~ps 
N,, N, of G with Z$Ni (1 > 1,2) and 1 i,N,]~Z. Then N is an 
extraspec~a~ 2-group. 
ProoS. If N c N, (7 N, then [N, N] CZ and by Lemma 23 181 is an 
extraspecial 2group. If w.1.o.g. N $L N, then N n N, = Z an 
Again by Lemma 23 N is an extraspecial L&group. This proves our corollary. 
The following lemma will be needed later. 
LEMMA 25. Let Z = (z) z Z, be a normal subgroup of the 2-bound group 
G and suppose that each normal subgroup N of G with Z $ N contaim a
normal subgroup of G which is as extraspecial 2-group. Then there are 
~~~~~~~a~s~ g over G with f(1) = g(l) = 2 witnessing the fact hat G is 2- 
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ProojI Suppose G is 2-bound via f = w(x)f( 1) and g = u(x) g( 1) and 
assume w.1.o.g. f(z) = 1. Then f(l) = w(z)-’ E Z, hence f(1) = z. Suppose 
g(1) = a E G\Z and let N be the normal subgroup of G generated bya and 
z. By hypothesis N contains a normal subgroup U of G which is an 
extraspecial 2-group with center (z’), say. Assume z’ is distinct from z. Then 
(z, z’) is a normal subgroup of G with (z) 4 (z, z’) containing o
extraspecial 2-group, a contradiction. He ce z = z’ and there is an element 
b E U with b2 = z. Choose a polynomial h(x) over G and i E (0, 1) with 
h(l)= 1 and h(a)=bz’ and replace g by g’ = (h(g))‘. Then 
g’(1) = h(g(1))2 = (bz’)’ = z, and g(x) = 1 implies g’(x) = 1. This proves 
our lemma. 
We now need some facts about extraspecial groups: 
Fact 1 (41. Suppose H is an extraspecial 2-group with center 
Z(H) = (z). Then the following hold: 
(a) H/Z(H) is a vectorspace V over the finite field Z,. 
(b) Let (, ): VX V+ Z,, 
(a; 6) := 1 if [a,b]=z, 
=o if [a,b] = 1. 
Then ( , ) is a symmetric bilinearform with (5, a) = 0 for all aE H, 
(c) 
- - 
If v, is a group-automorphismus of H and 6,: V-, V (~(a) := &a)) 
then @ is an automorphismus of the vectorspace V. 
Fact 2 [4]. Suppose H is a finite extraspecial 2-group. Then there are a 
natural number IZ > 1 and elements a,,..., azn, zE H such that: 
(1) ~‘=a;= 1 for all i3<i<2n; 
(2) Z(H) = (z); 
(3) either.af=ai= 1 or a~=a~=z; 
(4) [a2i, +-,I = z for all 1 < i < n; 
(5) [uj, ak] = 1 for all k E {l,..., 2n}\{2i- 1,2i} and jE {2i- 1,2i} 
(1 < i < n); 
(6) each element of H can be uniquely written i the form a;i .a. aZ,Z;z’ 
with r1 ,..., z* ,, E E Z,. (Note: rE Z,, a E H, then a” := 1 if r = 0, =a if 
z= 1. 
DEFINITION. Suppose H is a finite extraspecial 2-group and rz, a, ,..., a,, 
z are as in Fact 2. Then a,,..., a2 , is called a basis for H. If a E H is of the 
form at1 ..a & 2”~‘(,?~, E E Z ) then by uniqueness we may define &(a) := Aj 
and ~(a) := E (we suppress the reference to the choice of the basis). 
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emark. Let H be a extraspecial 2-group. If a, ,.~., a, ’ basis for 
clearly c,...? aznis a basis for the vectorspace 2. For t 
c~ass~~catio~ of the2-bound groups we need to calculate e(a.b), where a, b 
are lements of an extraspecial 2-group. 
EEMMA 26. Let H be a finite extraspecial 2-group and {a, ...? a2nj a 
basis for H. Then there is a bilinearJ?wm !PzH/ 
all a, b E H e(a . b) = E(a) + E(b) + Y(5, E). 
Proof. Let Z := Z(H) = (z), V= H/Z and a, b E H. 1411 easy 
computation shows a . b = af-@’ + *i(b) .~~ a, A&z) ~ azn a.;;tt’b’ 
ZE(a)SE(b) + CE<j<i<Zfl A,(a) ./Zj(b) . (Gi, Gj). By choice ofa, we have a$@) ~
ati = af-i(~)+Adb) (3 < i < 2n). 
Case 1. aI = a: = 1. Then alSo aj‘i(a)aff(b) = i a +Ai(b) (i = 1, 2 and if 
we define a bilinear map Y: V x V-t Z, by &, ajj> = (Q, aj) if 
I <j < i < 2n and Y”(ai, gj) = 6 otherwise th n e(ab) = e(a) + E(b) + Y(E, 6)~ 
case 2. a: = ai = z. Then aft(~) . afr(b> = afi(~)+~i(b) 
(i = 1,2). Now if we define a bilinear m p !P: V x r-+ Z, b 
(Ei,Gj) if I<j<i<2n, Y(if, ,a,) = Y(&, ~7~) = 1 and 
otherwise th n again e(ab) = E(a) + c(b) + Y(5, 6). TPais proves our lemma. 
Remark. As a special case we recover the obvious rule 
&(a . z) = e(a) + 1. 
LEMMA 21. Suppose H is an extraspecial 2-group, {a, ..., aln} a basis of 
and Y as in Lemma 26. Then for ail c, >*.., 
E(C, *..’ ’ cm> = ZEI E(Ci) + Cl<i<jfZ, yCci9 Fj>* 
Proof Obvious, using the fact that ‘Y is bilinear. 
LEMMA 28. Suppose H is an extraspecial 2-group, {a,,..., a2njis a basis 
of H and 9 an automorphism ofH. Then there are a bilinear form 
!Pq :H/Z(H) x H/Z(H) --t Z, and a linear form x, : ~/Z(~) -+ L, such that 
@p(a)) = +2) +x,(d) + Y,(G 8). 
ProoJ: Using Lemmas 26 and 27 we obtain 
E(lp(a)) = &(a) + &(q(af’@)) . e .. . p(a$“‘“‘)) 
= e(a) + 2 E(q9(a)i’“‘)) 
i=I 
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= E(u) + f Ii(a) * E(p(ai)) 
i=l 
We are done if we define ul,(gi, cTj) = Y(m, @&)) if 1 < i < j < 2n, 
YV(di, gj) = 0 otherwise andX,(di) = &(9(q)) (i= l,..., 2n).
THEOREM 29. Suppose H is an extraspecial Zgroup, {a, ..., a2 ,} is a 
basis and cp = (y, ..., q,)is a sequence ofautomorphismus of H. Then there 
are a bilinear form Y+,: H/Z(H) x H/Z(H) -+ Z, and a linear form 
x+, :WW) -+ 7f2 such that for each a E H, &(~~(a). a-. +~~(a)) = 
m - E(U) +x,(a) + Y&a, a). 
ProoJ By Lemmas 26, 27, and 28, 
= m . ~(a) + 2 x,,(C) 
i=l 
+ c YJa; >+ C yu(Pi(a>3 @jta>> 
i=l lgi<j$2n 
(Qi canonically defined asstated inFact 1). 
Since each pi is an automorphismus of V= H/Z(H) and Y is bilinear fo
each pair (i, j) with 1 < i, j < 2n the map Yi,j : VX V+ Z, defined by
l”i, j(tiY 6,= y(@i(a)Y Pj(E)) is bilinear. This completes the proof of our 
theorem. 
LEMMA 30. Let V be a vector space over Z, , x: V -+ Z, linear and 
)y: V x V+ Z, bilinear. Then x(x) + Y(x, x) = 0 has a nontrivial so ution if
dim(V) > 3. 
ProoJ Assume a,, a2, a, E V are independent and acontrary we assume 
that x(x) + Y(x, x) = 0 has only the trivial solution, Then ~(a,) = 
Y(Uj, Ui)+ l, l=X(ai+Uj)+ y(ai+Uj, Clj+Uj)= y(‘(ai> U,j) + y(Qj, ai) (i, jE 
{ 1,2, 3}, i#j). But then 
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and a1 + k12 + hzg is a nontrivial so ution, a ~O~trad~~tiQ~. This proves our 
lemma. 
CQRQLLARY 3 3. Suppose Z = (z) r L, is a normal s~bgr0~~ 0f the ‘E- 
bound group G and suppose that each normal subgroup N of G wit 
contains a normal subgroup U of G which is an e~traspe~~~~ 2-group. Then 
each finite normal subgroup N of G which is an e~tr~s~eciQ1 Z-group is 
isomorphic to the quaternion group Q4 of order eight. 
Proof. By Lemma 25 let f = w(x) . j(l) and g = 24(X) + g(I) witness the 
2-boundness of G where f( 1) = g( 1) = z and w.1.o.g. f (z) = 4. Suppose IV is 
a finite normal subgroup which is an extraspecial 2group. Then, as in the 
proof of Lemma 25, Z(N) = Z. First assume that dim X/Z > 3. Since 
g(z) E Z we have to distinguish two cases. 
Case 1. g(z) = z. Then for each a E G g(bzz) = u(a) g(z) = ~(a) g(1) =
t+>. If there is an a E G\Z with g(a) f 1 then f(a) = 1, 
f(az) = w(a) * f(2) = w(u) . f(1) * f(l)-’ = z # I and g(az) = 1, contra- 
dicting g(az) = g(a). We have shown that for each a E G\Z, g(a) = I. But 
since dim N/Z > 3 by Theorem 27 and Lemma 28 there is an a E N/Z with 
&(~(a)) = 0. This contradicts the fact u(a) = z. 
Case 2. g(z) = 1. By Theorem 29 and Lemma 30 there is an a E N’jZ 
with &(~(a)) = e(u(a)). If E(w(L~)) = &(~(a)) = 0 then s(j(a)) = E(w(~) Izj = 
I = tz(g(a)). In this case f(a) f 1 f g(a), a ~o~tra~i~t~o~. If 
e(w(c)) = E(u(u)) = I then @(a~)) = E(w(~) ’f(z)) = 1 = s(g(az)) which 
proves f(az) f I # g(az). This is again acontradiction. 
We have shown that dim N/Z = 2, i.e., N is nonabelian oforder 8. If N 
were isomorphic toD, then N would contain a characteristic subgroup 
Big L, with Z < U. IIence U would be a normal subgroup of G with Z < U3 
where U contains oextraspecial 2-group. This is impossible by hypothesis. 
It remains N z 4. This proves our corollary. 
LEMMA 32. Suppose N 4 6, NE Q4) where 4 is the ~~~ter~i0~ group 
@order eight, C (N) = Z(N) and Z(N) is the on/y nontrivial abelian normal 
subgroup 0f G. Then G is one of the groups G5 7 G,) 6, or G, of Section 2.
ProoJ Let N be generated by al and b and look at the natural 
homomorphisms q: G --t Aut(N) and yl: Am(N) + Aut(N/Z) r S,. where 
Z=Z(N)=(z). s ince C,(N) = Z it is easy to that Kern(q) = Z: 
1 Mern( !F)l = 4 and Kern(!P) = (o(N), hence Kern( .ip)=N, Now we 
consider the following cases: 
Case 1. G/N is trivial. Then G = N P 6,. 
Case 2. G/N = { l/N, a/N} zz Z, . Then (Y o p)(a) fixes a nontrivial 
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element of N/Z, d/Z, say. But then a -‘da E (d), which implies that (a) is a 
normal subgroup of G. This contradicts ourhypothesis. 
Case 3. G/N FZ Z,. We leave it as an exercise tothe reader that in this 
case G z G, (see [1, p. 1.591). 
Case 4. G/N 2 S,. In this case / GI = 8 . 6 = 48, and since 1Aut(N)l = 
/ Kern(Y)/ . 1S, I = 4 . 6 = 24, q~ is surjective. 
Hence we may choose a E G with a-Ida =d and a-‘ba = db. Then 
a-*da* = d and ae2ba2 = bz which proves &a”) = p(d) and a2 E {d, dz). 
Again by surjectivity of ~1 we may choose c E G with c-‘dc = b and 
c-‘bc = db. Since q(c”) = ~(1) c3 E { 1, z} and w.1.o.g. we may assume 
c3 = 1. We are looking for the possible values of a-‘cu. Since G/N is 
isomorphic toS, a-‘ca is of the form c2dibjzk (i, j, k E (0, 1)). 
Clearly if i =j = 0 then k = 0 and a-‘ca = c*. Hence .a-*ca* = a4 = c 
which implies d-‘cd = c, contradicting c-‘dc = b # d. 
If i = 0, j = 1 then a-‘ca is of the form c2bzk whence a-‘c*a = c*bc*b = 
cdb and a-*ca* = a-‘c2bzka = cdbdbzk = czk” = c, and we obtain a 
contradiction as above. 
If i= 1, j= 0 then a-‘ca is of the form c2dzk which means 
a-‘cad-‘c E Z. But an easy computation proves (cc’da-‘c-la) 
d(a-‘cad-‘c) = dz # d, a contradiction. 
Hence a-‘ca is of the form c2dbzk. Since (c2db)3 = z : k= 1. Now it is 
clear that in case a2 = dz G z G, and in case a2 = d G EC G,. 
Now we are in the position toprove the Main Theorem of our paper. 
MAIN THEOREM. Let G be a Jinite group. Then the following are 
equivalent: 
(i) G is 2-bound, 
(ii) G satisfies oneof the following conditions: 
(a) G has at most two minimal normal subgroups and each minimal 
normal subgroup is non-abelian. 
(b) The center Z(G) of G is isomorphic to L2. and G/Z(G) has only 
one minimal normal subgroup and this minimal normal subgroup is 
nonabelian. 
(c) G is isomorphic to one of the groups GO,..., G, from Section 2.
Proof Suppose G is finite and f = w(x) f(l), g= u(x) g(1) witness the 2- 
boundness of G. If G has a nontrivial abelian normal subgroup N & 2, then 
by the results ofSection 3 G is one of the groups G, , G,, G, , G, , G, or G, . 
So suppose G has no nontrivial abelian normal subgroup N& Z, and 
G & Z, = G,. If G has a normal subgroup Z isomorphic toZ, and G does 
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not satisfy (b) then by Corollary 24each minimal normal su 
is of the form N/Z with N extraspecial. Let us fix such 
Corollary 3 1N is isomorphic toQ4 and by Corollary 22C,(N) = Z. No 
Lemma 32 applies and we see that G is one of the groups G,, 6, or G,. 
remains to consider the case that G has no nontrivial 
subgroup at all. For each a E G\{ 1) 1 = w(a) . S(l) or 1 = u(a) .g(l) which 
implies f(1) E uG or g(l) E a’, where uG is the normal subgroup of G 
generated by a. Hence each nontrivial normal subgroup of G contains at
least one of the normal subgroups f(1)” or g(l)“. ce G satisfies (b). 
Conversely suppose that he finite group G sati (a), (b) or (c). If G 
satisfies (c)we are done by the results ofSection 2.Let G satisfy (a) and let 
N, be the minimal normal subgroups ofG (possibly N, = N,). 
y Corollary 4 and Lemma 5 there are polynomials f,, f2 over G with 
supp(f,) = C,(Ni> (i = 1,2). Clearly C,(N,) f7 C,(N,) = { 1 } which proves 
that G is 2-bound. 
Finally let G satisfy (b). Then by Theorem 6 G/Z is l-bound. Let f be a 
polynomial over G with f( 1) @ Z = (z) and f(x) E Z for ah x E G\Z. 
Let Z < N 9 G s.t. N/Z is the minimal normal subgroup of G/Z. Since N
is nonabelian there is an a E N with a2 # 1. Since N/Z is the snly minimal 
normal subgroup of G/Z and f(1) @ Z, a is an element of the normal 
subgroup of G generated by {f(l), z} and can be written in the form 
h(f(1)) . zE (h a polynomial over G with h(l) = 1, e E {0, I]). 
Now if we put f, = (h(f))* then fr(l) = a2 # 1 and j”,(x) = 3 for all 
x E G\Z. Thus f, and f, := zx witness the 2-boundness of 6;. This concludes 
the proof of the Theorem. 
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